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ABSTRACT 
This  study  presents a  mathematical model in  which  a  single  beneficial  mutation  arises  in  a very  large 

population that  is  subject to  frequent  deleterious  mutations.  The  results  suggest  that, if  the  population 
is sexual,  then  the deleterious mutations will have little  effect on the  ultimate  fate of the  beneficial 
mutation.  However,  if  most  offspring  are  produced  asexually,  then  the  probability  that  the  beneficial 
mutation will be  lost  from  the  population may be greatly enhanced by the  deleterious  mutations.  Thus, 
sexual  populations may  adapt  much more quickly  than populations where  most reproduction is asexual. 
Some of the  results  were  produced  using  computer  simulation methods, and  a  technique was developed 
that  allows  treatment of arbitrarily  large  numbers of individuals  in  a  reasonable  amount of computer  time. 
This  technique may be of prove  useful  for  the  analysis of a wide  variety of models, though  there  are  some 
constraints on its applicability. For example, the  technique  requires  that  reproduction  can  be  described 
by Poisson  processes. 

0 VER the  long  term,  adaptation  depends  on  the 
production and preservation of beneficial muta- 

tions. For example, beneficial mutations can play an im- 
portant  role  in allowing adaptation after an environ- 
mental  change.  This has been clearly demonstrated in 
bacteria and yeast, where novel laboratory conditions 
lead to the  regular  production of beneficial mutations 
(PAQUIN a n d h m s  1983; LENSKI et al. 1991). Some of the 
beneficial mutations  that arise in these experiments con- 
fer  rather large advantages, and 10%  enhancements of 
relative fitness from single beneficial mutations  are not 
uncommon. 

Beneficial mutations can also be  important in stable 
environments. If deleterious  mutations of  very  small  ef- 
fect occur regularly, then we can  expect  that some of 
them will become fixed. This process will lead to a steady 
decline in the fitness of the  population unless back  mu- 
tations or compensatory mutations also arise and be- 
come fixed from time to time. In this context, back  mu- 
tations and compensatory mutations are beneficial. It 
seems likely that some such process is going on in natu- 
ral populations, because there is substantial evidence 
that  deleterious mutations of  small effect are  common 
(OHTA  1992). Beneficial mutations may  also  play a  role 
in stable environments because no species is  likely to 
have become genetically perfect. So long as there is 
room  for  improvement of the  genome, beneficial mu- 
tations are possible.  However,  in the absence of  envi- 
ronmental  change, beneficial mutations may become 
rare. 

While it seems likely that beneficial mutations occur 
in every living species from time to time, it seems even 
more  certain  that  deleterious  mutations  are very com- 
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mon occurrences. For example, in Drosophila it appears 
that  the  rate of deleterious mutations is on  the  order of 
one per genome per generation, and  a similar  rate is  likely 
to apply to various other “higher” organisms (MUKAI et al. 
1972; CROW 1979; KONDRASHOV 1988; CHARLESWORTH 1990; 
CHARLESWORTH et al. 1990; KONDRASHOV and TURELU 1992; 
HOULE et al. 1992). 

When a beneficial mutation arises in an organism with 
a large genome (e .g . ,  in a  higher  plant or animal),  it is 
likely to occur in a  genome  that is contaminated with 
many deleterious mutations. Thus, it is worth asking how 
sexual reproduction can affect the fate of a beneficial 
mutation when deleterious mutations are common. This 
question was addressed  verbally by FISHER (1930) and there 
have also been a few relevant  formal  theoretical  studies. 
These will be considered in the discussion  section. 

In addition to the very  small amount of research that 
has been carried out  on  the  interaction between del- 
eterious mutations and beneficial mutations, there is a 
more substantial literature on the  interaction between 
multiple beneficial mutations at different loci in the ab- 
sence of deleterious mutations. Interactions of this sort 
are  the basis for one of the best known evolution-of-sex 
theories, the so-called  FISHER-MULLER hypothesis (FISHER 
1930; MULLER 1932). The FISHER-MULLER hypothesis says 
that sexual reproduction and recombination can en- 
hance  the probability of fixation of beneficial mutations 
because they  allow two or more beneficial mutations that 
arise in different individuals to be united in the same 
genomes. 

Theoretical investigations suggest that FISHER and 
MULLER were right, but it appears  that the  enhancement 
that can be gained by the process they described will be 
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small if beneficial mutations rarely  arise (FELSENSTEIN 
1974; PAMILO et al. 1987). Another  problem is that ben- 
eficial mutations are generally thought to be very rare 
(DOBZHANSKY 1970; IMURA 1983), and so theories  that 
depend  on  the simultaneous segregation beneficial mu- 
tations at multiple loci may  have limited applicability. 

In the  present study, the fate of beneficial mutations 
that arise  in populations where deleterious mutations 
are common will be studied by means of mathematical 
analysis and  computer simulation. Special attention will 
be paid to the effects of sexual and asexual reproduction 
on evolutionary outcomes. The results provide evidence 
to support  the idea that, when deleterious mutations are 
common, sex and recombination will greatly enhance 
the probability that  a beneficial mutation will increase in 
frequency from a single initial copy until many copies 
are present. This idea should be of interest in light of the 
current  debate over the evolution of  sex (WILLIAMS 1975; 
MAYNARD SMITH 1978; BELL 1982; MICHOD and LEVIN 1988; 
HAMILTON et al. 1990). The idea may  also  have implications 
for the design of agricultural breeding programs. 

THE MODEL 

A wide  variety  of different mathematical models can 
be used to study the processes that  determine  the fate 
of beneficial mutations. However, for the sake of con- 
creteness, let us focus on  the case  of fertility selection in 
a diploid population of annual seed-bearing plants. As- 
sume that all reproductively mature  population mem- 
bers (i. e . ,  adults) are capable of producing  both seeds 
and pollen. Seeds may be  produced  either by sexual 
means, or by asexual means. Asexually produced seeds 
are genetically identical to the individuals that  produced 
them,  except  for new mutations. When individuals gen- 
erate seeds by sexual means they produce  an ovule, and 
this is fertilized by a pollen grain. The production 
of both ovules and pollen involves standard Mendelian 
segregation. 

Let us number  the possible genotypes as 1, 2, 3, . . . , 
and assume that  the  number of seeds produced by 
sexual means for an adult with genotype i follows a Pois- 
son distribution with mean equal to 4Wj (where 0 5 
4 5 1 and 0 < W,) . The  number of asexually produced 
seeds for the same individual follows an independent 
Poisson distribution with mean equal to (1 - 4) Wi. 
Thus, on average, the total number of seeds produced 
by an adult with genotype i is W,, while 4 represents  the 
expected  proportion of  sexually produced seeds for any 
given adult. 

Assume that  the  number of pollen grains produced by 
adults with genotype i follows a Poisson distribution with 
mean equal to +KWj, where K > 1. Ovules are fertilized 
in random  order, and the pollen grain involved in each 
case is drawn at  random from the collection of all pollen 
grains that have not yet achieved fertilization. After seed 
production, N seeds are chosen at  random to grow to 

adulthood, where N is a very large positive integer  (in 
fact, all of the calculations in this study  were made for 
the limiting and biologically unrealistic case where N = 
a, but  the results will change only  slightly  in the much 
more realistic  case where N is finite and very large). 
Thus,  N is the  number of adults during each successive 
generation. Because N is infinite and K > 1, the pollen 
grains will not  run  out before all  ovules  have been fer- 
tilized. In  addition,  the N = a assumption implies that 
the frequency distribution of genotypes among unused 
pollen grains will not change during the course of ovule 
fertilizations. 

Assume that deleterious mutations occur at randomly 
selected loci.  Assume further  that  a very large number 
of  loci are subject to deleterious mutations, and  that 
there is free recombination between  loci (note:  the cal- 
culations were made for the limiting case where there is 
an infinite number of loci, but  the results should change 
only  slightly if the  number of  loci is finite,  but  large). 
The  number of  new deleterious mutations for asexually 
produced seeds is assumed to be Poisson distributed 
with the mean of the distribution equal to U. The  num- 
ber of  new deleterious mutations in pollen and ovules is 
also  Poisson distributed, and the mean of the distri- 
bution is equal U/2 (thus,  the mean number of  new 
mutations per seed is U, regardless of the  mode of 
reproduction). 

Consider an adult with deleterious mutations in het- 
erozygous state at k loci, and with no beneficial muta- 
tions or deleterious mutations in  homozygous state. The 
value  of Wi for such an individual is assumed to equal 
C( 1 - s d )  ', where sd and C are constants that satisfy 0 < 
sd < 1 and C > e'. Populations of  this sort were studied 
by HAIGH (1978) for + = 0, and he showed that in this 
case, the equilibrium distribution for the  number of del- 
eterious mutations per individual is Poisson  with mean 
equal to U/s,. In  addition,  the probability of finding  an 
individual that is homozygous for a deleterious mutation 
is negligible. Numerical investigations  strongly  suggest 
that these same results hold for 4 > 0. 

Now, consider a population of the  sort  just described 
that has come to equilibrium. Say that  a beneficial mu- 
tation arises in a randomly selected seed, and assume 
that  the seed happens to be among  the  Nseeds  that grow 
to adulthood. Naturally, the seed in question will be het- 
erozygous for  the beneficial mutation. Assume that  the 
value  of W, for  a heterozygous carrier of the beneficial 
mutation that also  has k deleterious mutations is equal 
to C ( l  + sb)  (1 - sd)' ,  where st, > 0 (in  other words, 
assume that  the beneficial mutation  enhances fitness by 
a factor of I + s,,). 

RESULTS 

The analysis will focus on  the calculation of E, which 
is defined as the probability that  a beneficial mutation 
will become established. Establishment of a beneficial 
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TABLE 1 

Probability of establishment of beneficial mutations 

d 
Parameter  values 0.0 0.05  0.1 0.25 1.0 

U = 0.000, S b  = 0.01 0.0197 0.0197 0.0197 0.0197 0.0197 
Ci = 0.125, sd = 0.02, sb = 0.01 3.81 X 0.00570 0.0119 0.0186 0.0169 

(0.000753)  (0.00108)  (0.00135)  (0.00129) 
u = 0.250, Sd = 0.02, s,, = 0.01 7.36 X 0.00250 0.00790 0.0164 0.0184 

(0.000499)  (0.000885)  (0.00127)  (0.00134) 
U = 0.500, sd = 0.02, s,, = 0.01 2.74 X 0.000300 0.00250 0.0110 0.0193 

(0.000173)  (0.000499)  (0.00104)  (0.00138) 
U = 0.250, Sd = 0.01, s,, = 0.01 2.74 X 1 0 - l ~  0.00520 0.01 18 0.0179 0.0189 

(0.000719)  (0.00108)  (0,00133)  (0.00136) 

U = 0.250, sd = 0.04, s,, = 0.01 3.81 X 0.00160 0.00490 0.0126 0.0214 

U = 0.100, sd = 0.025. s,, = 0.10 0.0510 0.141 0.153 0.168 0.176 
(0.000400)  (0.000698)  (0.00112)  (0.00145) 

(0.00220)  (0.00348)  (0.00360)  (0.00374)  (0.00381) 
U = 0.000, S h  = 0.10 0.176 0.176 0.176 0.176 0.176 
U = 0.250, sd = 0.02, s,, = 0.10 0.000600 0.0901 0.109 0.156 0.171 

(0.000245)  (0.00286)  (0.00312)  (0.00363)  (0.00376) 

The entries give estimates of probability of establishment ( E )  of a beneficial mutation for various choices of parameter values. The probability 
of establishment was calculated by analytic methods in those cases where U = 0 or where 4 = 0 and sb 5 sd, and the figures given for these cases 
represent the results of these calculations (see APPENDIX 2). In  all other cases a computer simulation was used to produce the estimate (see APPENDIX 
I ) ,  and the figures that  are not in parentheses represent the proportion of simulation trials for which a beneficial mutation was deemed to be 
established, while the figures in parentheses give estimates of the standard errors. 

mutation  means that its loss from the population is  vir- 
tually impossible. For a beneficial mutation to be estab- 
lished, it must be present in many copies. Also, as we 
shall see, these copies must have the  right  distribution 
with regard  to  the number of deleterious  mutations  held 
by bearers of the beneficial mutation. 

To begin the analysis, consider  the simple situation 
where U = 0, so that  no deleterious  mutations ever oc- 
cur. By extending FISHER and HALDANE'S treatment 
(FISHER 1922; HALDANE 1927) it can be shown that,  in this 
case, the value  of E is  given by the  unique positive  so- 
lution of the following equation: 

1 - E = exp[-(1 + sb)E]. ( 1 )  

When sb is small,  this  yields the familiar formula, E = 2s,. 
For example, when s,, = 0.01 we  have E = 0.0197, and when 
s,, = 0.1 we have E = 0.176. The probability that a new 
beneficial mutation will be lost from the population is 
equal to 1 - E. Loss occurs when  all  of adults that carry the 
mutant  gene fail  to produce any  seeds that also  carry the 
mutation, and that grow  to adulthood. Note that, in  Equa- 
tion l ,  E does not  depend on 4, and thus the mode of 
reproduction does not affect the probability of  establish- 
ment for a beneficial mutation when U = 0, so that del- 
eterious mutations are  not present in the population. 
(However,  fixation  of a beneficial  mutation may be forestalled 
when 4 = 0 because  asexuality hinders the formation of in- 
dividuals  that are homozygous  for the beneficial  mutation 
(-ATRICK and JENKINS 1989; WFJNER et aL 1992).) 

Let us  now consider the  more complicated situation 
where U >  0, so that  non-neutral variation can occur  at 

more  than  one locus. A multi-locus model provides 
more scope for  an  interaction between the  mode  of re- 
production  and  the probability of establishment of a 
beneficial mutation.  This is because of the HILL- 
ROBERTSON effect, which describes the way that  non- 
neutral variation at  one locus can interfere with the re- 
sponse to selection of allelic frequencies  at other loci 
(HILL  and ROBERTSON 1966; FELSENSTEIN 1974, 1988). 

In terms of the current model, data on deleterious mu- 
tations ( . g . ,  MUKAI et al. 1972; CROW 1979; KONDMHOV 
1988; CHARLESWORTH 1990; CHARLESWORTH et al. 1990; 
KONDRASHOV and TURELLI 1992; HOULE et al. 1992) sug- 
gests that  parameter values such as sd = 0.02 and 
U = 0.25 are reasonable for  both plants and animals 
(although U = 0.25 may substantially underestimate  the 
real rate of deleterious  mutations).  In  a sexual popula- 
tion (4 = 1) with sd = 0.02 and U = 0.25, the simulation 
results lead to an estimate of E - 0.0184 when s,, = 0.01, 
and E = 0.171 when sb = 0.1. These figures are  not much 
altered  from  the figures cited above for  the case where 
no deleterious  mutations  are  present.  Furthermore, ex- 
amination of Table 1 suggests that this sort of result is 
fairly general when 4 = 1. Thus, when offspring are 
produced sexually, there  appears to be a large set of 
parameter values for which the probability of establish- 
ment of a beneficial mutation is  only  slightly perturbed 
by frequent deleterious  mutations. However, under 
asexuality (4 = 0) with sd = 0.02 and U = 0.25, we have 
E = 7.36 X 10-'when sb = 0.01 and E = 0.000600 when 
sh = 0.1. Examination of Table 1 and APPENDIX 2 suggests 
that these results are  not  unique. It appears  that,  for  a 
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FIGURE 1 .-The estimated probability of establishment of a 

beneficial mutation as afunction of 9. For this figure, sd = 0.02, 
U = 0.25, and sb = 0.01. The data points were calculated using 
the methods detailed in APPENDICES 1 and 2. Error bars are twice 
the size  of the  standard  errors. 

wide range of parameter values, a substantial rate  ofdel- 
eterious mutations will cause a large decrease in E when 
4 = 0. Furthermore, as demonstrated by Figure 1,  small 
but non-zero values  of 4 can also cause a substantial 
depression in E. However, in all the cases studied where 
U > 0,  the value  of E for 4 = 0.05 is far above the value 
when 4 = 0. 

It is interesting  to  note  that, under asexuality, some 
mutations that  are definitely doomed to extinction nev- 
ertheless have a tendency to achieve high copy numbers 
before they are eliminated. This tendency is not appar- 
ent in sexual populations. For example, if sb < sd,  then 
a beneficial mutation can only become established if it 
arises in an individual that is completely free of delete- 
rious mutations. If it arises in any other  sort of indi- 
vidual, then  the  mutation will definitely be eliminated 
from the  population (see APPENDIX 2 for  a proof of this 
point,  and  the discussion for an intuitive explanation). 
However, if the  deleterious  mutation occurs in an 
individual that has some deleterious mutations, but  a 
smaller number  than average, then it may increase to  a 
large number of copies before disappearing from the 
population. 

As an example of this phenomenon, consider the case 
of an asexual population (4 = 0 )  where sd = 0.02, U = 
0.25 and s,, = 0.01. In this situation the average number 
of deleterious mutations at equilibrium before introduc- 
tion of a beneficial mutation is 12.5. To demonstrate  the 
phenomenon of transient  high copy numbers,  the com- 
puter simulation methods described above  were modi- 
fied by initiating each of 10,000 trials with a single ben- 
eficial mutation associated with an adult with four 
deleterious mutations (in contrast to  the  normal 
method of starting with the beneficial mutation associ- 
ated with a randomly selected adult). At the equilibrium 
that is established prior to the  introduction of the ben- 
eficial mutation, adults with no beneficial mutations and 
with  only four  deleterious  mutations have a fitness that 
is 18.4% above the average  value  of 1 .O (where the fitness 
of an  adult with genotype i is defined as WJW, and W 
is defined as the average number of seeds produced  per 
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FIGURE 2.-Output from a single trial where the beneficial 
mutation was initially  associated  with an adult that had only 
four deleterious mutations. The solid  curve shows the  number 
of adults that carry the beneficial mutation for 223 generations 
after its introduction, and the scale for this curve is on  the left 
side of the  graph. The dashed curve  shows the average  fitness 
of adults that carry the beneficial mutation during  the same 
period of time, and the scale is on the  right side of the  graph. 
The parameter values used in the simulation were 4 = 0, sd = 
0.02, U = 0.25 and sb = 0.01. Note that,  on the axis labels, the 
word “mutants” refers to individuals that carry the beneficial 
mutation. The method used to select the trial shown  in this 
graph is described in the text. 

adult). Shortly after the  introduction,  an  adult who car- 
ries the beneficial mutation  (in heterozygous state) plus 
four  deleterious mutations will have a fitness that is 
19.6% above  average. The effects of the elevated fitness 
levels associated with adults with  only four deleterious 
mutations were readily apparent from the results of the 
simulation. As predicted by theory, the beneficial mu- 
tation was lost from the  population in all 10,000 trials. 
However, in 17.3% of the trials more  than 100 copies of 
the beneficial allele were present at some point in time 
before the allele went extinct. Furthermore, in 3.3% of 
the trials, 1,000 copies were present  at some point in 
time before extinction. Extinction results from a gradual 
accumulation of deleterious mutations among those in- 
dividuals that carry the beneficial mutation. This accu- 
mulation leads to a decline in the average fitness of the 
beneficial-mutation-bearing adults. Figure 2 shows data 
from a trial that was randomly selected from among 
those trials where more  than 1,000 copies were present 
at some point before extinction. Further studies re- 
vealed, in line with expectations, that  the propensity for 
a beneficial mutation to rise to high copy numbers be- 
fore extinction is  less pronounced when the beneficial 
mutation is initially  associated  with more deleterious 
mutations, and  more  pronounced if it is initially  asso- 
ciated with  fewer deleterious mutations. 

The same simulation study just described was re-run, 
except  that obligate sexuality was imposed ( L e . ,  10,000 
trials with 4 = 1, sd = 0.02, U = 0.25, sb = 0.01, and  the 
beneficial mutation initially  associated  with an  adult 
that has four  deleterious  mutations).  In this case, the 
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beneficial mutation was established during 2.4% of the 
trials. This is an  improvement over the 1.8% of trials that 
led to  an establishment in the case where the initial a s  
sociation of the beneficial mutation was random (see 
Table 1) but  the  improvement is not dramatic. During 
only 2.9% of the trials did the copy number of the ben- 
eficial mutation rise  above 100 at any point, and this is 
only 16.8% of the  rate  at which this occurred  during  the 
asexual runs described in the  preceding  paragraph. This 
observation is made  more surprising when one recalls 
that beneficial mutations always went extinct in the 
asexual case,  while in the sexual case, rising above 100 
copies usually led to establishment of the beneficial mu- 
tation.  In  the sexual case, the beneficial mutation rose 
above 1000 copies during 2.4% of the trials, and  on each 
occasion this was followed by establishment of the ben- 
eficial mutation. Recall that  the beneficial mutation rose 
to this level more frequently in the asexual case, even 
though  it never became established. 

When sb > sd it may be possible for  a beneficial mu- 
tation to become established in an asexual population 
even if it does not initially occur in an individual that is 
entirely free of deleterious mutations. In particular, if 
the beneficial mutation initially occurs in an individual 
that has k deleterious mutations, then E > 0 so long as 
sb is sufficiently large such that (1 + sb)  (1 - sd )k  > 1. 
However, if the beneficial mutation  does initially occur 
in an individual that carries deleterious  mutations and 
it rises in frequency, the beneficial mutation will drag 
deleterious mutations with it, and the increase in fitness 
obtained will be diminished by this factor [see MANNING 
and THOMPSON (1984) for a discussion related  to this 
point].  In  addition, as mentioned previously, under 
asexuality a  single  deleterious  mutation  can  never  at- 
tain  a  frequency  in excess of 0.5 because of the lack 
of segregation (KIRKPATRICK andJENKlNs 1989; WEINER 
et al. 1992). No such  obstacle  stands  in the way  of 
fixation if 4 > 0. 

DISCUSSION 

Why does  the  mode of reproduction  alter  the prob- 
ability  of establishment of beneficial mutations when 
deleterious  mutations  are  common? Roughly speaking, 
the answer has to do with the fact that, in asexual popu- 
lations, only the very fittest individuals have a  chance of 
having descendants in the distant future, while this is 
certainly not  the case for sexual populations. Thus, in 
an asexual population,  a beneficial mutation of  small 
effect must arise among  the select few  if it is to be es- 
tablished, and this requirement decreases the probabil- 
ity of establishment. 

To take an example, consider the case of  an  adult with 
one deleterious  mutation and  no beneficial mutations 
when 4 = 0,  sd = 0.02, and U = 0.25. One deleterious 
mutation is  very  few in comparison with the  population 
average of 12.5, and so, the  adult in question will have 

a relatively high fitness (with 1.258 being the  expected 
number of seeds that will grow to reproductive age for 
this adult). However, adults with one deleterious muta- 
tion will produce  an average  of  only 0.980 seeds that will 
also  have just  one deleterious  mutation,  and  that will 
grow to adulthood. This figure is  less than  one,  and so, 
after a very large number of generations have elapsed, 
the  adult in question has virtually no chance of  having 
descendants who also have  only one deleterious muta- 
tion. Since descendants with multiple deleterious mu- 
tations will be less fit than  their ancestor, this argument 
can be extended to show that  the  adult in question will 
leave no descendants at all after a sufficiently large num- 
ber of generations has elapsed. In fact, in the absence of 
beneficial mutations, asexuality means that only those 
adults who are entirely free of deleterious mutations can 
hope to leave descendants over the  long term. 

With the foregoing considerations in mind,  it  should 
be clear that, if a beneficial mutation has a sufficiently 
small effect, then it must initially appear in an  adult with 
no deleterious mutations, or it can not become estab- 
lished in an asexual population  (this is the case, for ex- 
ample, when sd = 0.02 and sb = 0.01). The probability 
of such a fortuitous appearance is  typically  very small. 
This is because the frequency of members of the 
mutation-free class  is exp( - U/sd) (HAIGH 1978). For ex- 
ample, when sd = 0.02 and U = 0.25, members of the 
mutation-free class comprise only 0.000373% of the 
adult  population (at equilibrium). If the effect of the 
beneficial mutation is larger,  then  the conditions for 
establishment  are  more  relaxed,  but even when sb = 
0.1 it  can  be shown that  the beneficial  mutation  must 
initially occur in an  adult with no  more  than  four del- 
eterious  mutations if it is to have a chance of 
becoming  established. At equilibrium,  such individu- 
als comprise only 0.535% of the  population  (assuming 
sd = 0.02 and U = 0.25). 

Figure 2 shows that, under asexuality,  even if a ben- 
eficial mutation is doomed to extinction by the pro- 
cesses just described, it may rise to a high copy number 
before it is eliminated from the  population. This occurs 
because asexuality produces  a high level  of correlation 
in the average of fitness of beneficial-mutation-bearing 
individuals from one generation  to  the next. Thus, if a 
beneficial mutation is initially  associated  with a relatively 
fit genotype, it is  likely that adults carrying the beneficial 
mutation will continue  to  be relatively fit for a substantial 
number of generations, even if their fitness eventually 
erodes. It  should  be recognized, however, that  the pat- 
tern shown in Figure 2 might not  appear in a relatively 
small population. As the  number of copies of a benefi- 
cial mutation increases into  the thousands, it can cause 
an increase in the average fitness of a  population  that 
contains, say,  only ten or twenty thousand members. 
This will cause a decrease in the relative fitness of in- 
dividuals that carry the beneficial mutation. As a result, 
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in relatively  small populations, beneficial mutations  that 
will eventually become extinct might not achieve the 
sorts of  copy numbers  that  are sometimes observed in 
the extremely large (effectively infinite) populations 
studies here. 

One problem with the  approach taken in this study is 
that  I have assumed an infinite population ( N  = 03). In 
an infinite population  a beneficial mutation  that initially 
arises  in a single copy can never (in finite time) attain 
a substantial frequency because its initial frequency is 
infinitesimal. If the  mutation becomes established, then 
its numbers will continually grow, but  the frequency of 
the  mutation will  always be vanishingly  small, except in 
the limit as the time since the initial appearance of the 
mutation becomes infinite. Another  problem is that, un- 
der a biologically reasonable mechanism of mutation, 
one might expect the  constant  appearance of all  pos- 
sible beneficial mutations  during each successive gen- 
eration in an infinite population. The probability that  a 
given  type  of beneficial mutation will arise de n o m  may 
be tiny for a given newborn individual, but so long as this 
probability is finite, we can expect  an infinite number of 
new occurrences in an infinite population. This is con- 
trary to my assumption that beneficial mutations are 
rare. 

Fortunately, these diffkulties with the N = a assump- 
tion are  more  apparent  than real. They tell us  what we 
already know, that infinite populations are biologically 
unrealistic, and that they should only be used to approxi- 
mate the case of very large populations. In  a large (but 
not infinite) population, established mutations will cer- 
tainly  achieve a substantial frequency in finite time. Fur- 
thermore, we have data  that strongly  suggests that all 
possible beneficial mutations will not necessarily  arise at 
one time even  in very large microbial populations ( e . g . ,  
PAQUIN and ADAMS 1983;  LENSKI et al. 1991).  The calcu- 
lations made in this paper will be approximately correct 
so long as the distribution of deleterious mutations is 
similar to  a Poisson distribution,  and this requirement 
can be fulfilled by a finite population, so long as it is 
sufflciently large (HAIGH 1978).  Thus,  there is no real 
problem with the N = ~0 assumption, as long as one 
keeps in mind  that  the calculations are  meant  to  be  a 
useful approximation for the case  of  very large (but fi- 
nite) populations. 

It may be worth pointing  out  that, while the popula- 
tion is assumed to have an infinite number of members, 
the  fate of beneficial  mutations ( i e . ,  establishment or 
loss) is a random process. This may seem  surprising  to 
some  readers, as infinite  populations  are usually as- 
sociated with deterministic processes. The  reason  for 
the  non-deterministic  character of evolution  in the 
case of the models  studied  here is that  the  number of 
copies of a  beneficial  mutation is finite  at any given 
(finite)  time  after the initial appearance of the 
mutation. 

It seems that R. A. FISHER was aware  of some of the 
consequences of  asexuality that have been described 
here,  though his wording is a bit vague [see FISHER 
(1930),  pp. 121-1221. In  addition, KEICHTLEY and HILL 
(1983) and BIRKY and WALSH (1988) have produced rel- 
evant calculations. The results from both of these studies 
suggest that  the probability of establishment of a  ben- 
eficial mutation decreases when deleterious mutations 
are  present. However, in contrast to the results reported 
here,  the observed effects  in both of these studies were 
modest in  size,  even in the absence of recombination. I 
have carried out preliminary investigations that suggest 
that  the modest size  of the effects observed in these stud- 
ies is a  consequence of the fact that  both of them used 
small population sizes  (less than 81 adults).  Another 
theoretical study that is  closely related to the  one pre- 
sented  here was recently published by CHARLESWORTH 
et al. (1993),  but they focused on the effects of delete- 
rious mutations on neutral variation, rather  than  on 
beneficial mutations. 

MANNING and THOMPSON (1984) have produced  a 
model that is nearly identical to the one studied  here, 
except  that  their formal calculations were restricted to 
the case  of complete asexuality (4 = 0). They do not 
consider the case  of partial sexuality (0 < 4 < I ) ,  and they 
dismiss the case  of obligate sexuality (4 = 1) with a 
single sentence, asserting that  the probability of fixation 
of a beneficial mutation in this case will be  equal  to 2sb. 
In fact, Table 1 reveals that this assertion may be  at least 
approximately correct for small sb. However, it appears 
to be  a somewhat wide of the mark for sb = 0.1. Fur- 
thermore, it is important to keep in mind  that  the results 
I have reported  here were generated under the assump- 
tion of loose linkage between all  loci. I suspect that, with 
more realistic  assumptions about linkage ( i e . ,  tight  linkage 
between adjacent loci) the probability  of  fixation of ben- 
eficial  mutations  might be considerably  less than 2s, even 
in  obligately  sexual populations with  small  values of sb. 

Unfortunately, there  are also problems with MANNING 
and THOMPSON’S calculations in the case that they do 
consider formally ( i. e . ,  obligate asexuality, where 4 = 
0). These problems come from two sources. First, 
MANNING and THOMPSON develop their analysis by using 
the  approximate solution to Equation 1 ( i . e . ,  E 2 ~ ~ ) .  
As pointed  out above, this is appropriate only in the case 
where sb is small. The second,  and probably more im- 
portant  problem with their analysis can be seen after a 
close inspection of their equations. In making their cal- 
culations, MANNING and THOMPSON have ignored  the pos- 
sibility that  a beneficial mutation  that arises in an indi- 
vidual  with k deleterious mutations will become 
established, even though it is lost from  the class of in- 
dividuals  with  only k deleterious mutations. However, 
such an  occurrence is possible for many choices of pa- 
rameter values. Ignoring this possibility can lead to sub- 
stantial errors  in  the estimates of E.  For example, in the 
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case where U = 0.1, sd = 0.025 and sb = 0.1, MANNING 
and THOMPSON estimate E = 0.031. Table 1 gives an 
estimate of E for  the same parameter values that is 65% 
higher ( E  = 0.0510). This suggests that MANNING and 
THOMPSON’S methods can substantially underestimate E 
when sb > sd. 

The results presented  here suggest that, when delete- 
rious mutations  are  common, sex and recombination 
can greatly enhance  the probability that  a beneficial mu- 
tation will become established. Thus, sexual species may 
adapt  more quickly than asexual ones, and this may help 
to explain the  apparently short-lived nature of many 
asexual lines (MAYNARD SMITH  1978; BELL 1982). The re- 
sults may also  have bearing on  other  phenomena, such 
as the evolution of outbreeding  and  the evolution of 
non-zero recombination rates. In  addition,  the results 
suggest that low rates of outcrossing or recombination 
can lead to a  reduction of neutral genetic variation when 
deleterious  mutations  are  common (as do the results of 
CHARLESWORTH et al. 1993). This may help to explain 
some of the  data on genetic variation (AGUADE et al. 
1989; BEGUN and AQUADRO 1992). 

If a sexual population adapts relatively  quickly, then 
it could eventually gain an enormous advantage over 
competing asexual populations. However, this might 
take a  long time, particularly if beneficial mutations  are 
rare on a population-wide-basis, and if they  have  very 
small  effects. On the  other  hand, beneficial mutations 
that improve fitness by around  10% have been observed 
to occur regularly in laboratory microbial populations 
(PAQUIN and ADAMS 1983; LENSKI et al. 1991), and if this 
sort of situation is common in  most natural populations, 
then  the processes described here could confer an  un- 
challengeable advantage on sexual populations rela- 
tively quickly. Unfortunately, data  on beneficial muta- 
tions in natural  populations is  very scarce, and  much 
more  information will be  required before the power and 
time scale  of the processes described herein can be  prop- 
erly  accessed. 

The results reported  here may be helpful in predict- 
ing  the likely outcome of competitions between obli- 
gately sexual species and asexual “species.” As such, they 
might be usefully integrated with  NUNNEY‘S (1989) 
theory on  group selection and sex,  which appears  to 
show that  group selection can be  an effective force fa- 
voring the evolution of sexual reproduction.  It is  less 
clear that  the results can  be useful in explaining how 
obligately sexual species can be successful when corn- 
peting against species that  produce  a substantial fraction 
of their offspring asexually, and  the rest sexually.  For the 
parameter values studied,  the  difference in the  prob- 
ability of establishment of beneficial mutations seems to 
become rather small (or absent) as + increases above  0.1 
or 0.25.  However, it should be recognized that even 
small differences in the rate of accumulation of benefi- 
cial mutations can eventually produce large differences 

in fitness, and the simulation methods used here  are 
subject to sampling error, so that small differences in E 
can escape notice. Furthermore, examination of Table 
1 suggests that  the effect of + upon E becomes more 
pronounced even for relatively large values of + as U 
increases. Because  of computational constraints, it was 
not possible to study  values of U above 0.5, but such 
values  may  well be biologically  justified (KONDRASHOV and 
TURELLI 1992), and incorporation of high  values  of U 
might help to illuminate the evolutionary  forces that main- 
tain  obligate  sexuality. In addition, it seems  possible that 
biologically  realistic  values for the rate of recombination 
(instead of free recombination, which was assumed here) 
will help to  show the advantage of obligate  sexuality. 

It would be useful to model a  population similar to the 
one described here,  but allow for heritable variation in 
the propensity to reproduce sexually. Such an approach 
should help  to reveal whether  the processes described in 
this paper can help to explain sex in the  context of  se- 
lection within-populations, rather  than in the  context of 
selection between populations. Once again, it seems 
possible that realistic  levels of recombination would help 
the success  of  alleles that  enhance  the rate of  sexual 
reproduction,  but this remains to be shown. 
As a final point, it is important to recognize that  the 

rate at which beneficial mutations appear in a popula- 
tion is  likely to increase with the size  of that  population 
(WEBER and DIGGINS  1990;  CABALLERO et al. 1991),  and 
this may limit the relative adaptability of  low density 
sexual populations. Nevertheless, in light of the very 
large enhancement in the probability of establishing 
beneficial mutations that can be conferred by sexuality, 
it seems possible that  a sexual species could adapt  more 
quickly than  an asexual one, even if its population  den- 
sity  was  tiny in comparison to the density of  its asexual 
competitor. 
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APPENDIX 1 

In  the simulations, a total of 10,000 trials were run for 
each choice of parameter values.  Before running any of 
the trials for  a given set of parameter values the equi- 
librium frequency distribution in the absence of ben- 
eficial mutations was produced.  (The  generation of this 
distribution is a deterministic process, so it was only nec- 
essary to do it once for each set of parameter values.) In 
the  general case (where 0 < 4 < 1)  the frequency dis- 
tribution was generated by iterating for a  number of 
generations until an equilibrium was approached.  These 
iterations were initiated with a mutation-free infinite 
population. Each generation,  the frequency distribution 
of  asexually produced offspring was created by first  cal- 
culating the relative contribution of each class  of adult 
( L e . ,  contributions from adults with zero deleterious 
mutations, one deleterious  mutation  and two deleteri- 
ous mutations). The relative contribution of each class 
was assumed to be  proportional to (1 - s d )  k ,  where k is 
the  number of deleterious mutations for that class. The 
probability that  an asexually produced offspring from a 
parent with k deleterious mutations would  have j del- 
eterious mutations was assumed to equal zero i f j  > k ,  and 
was assumed to equal P( j - k ,  U )  i f j  2 k ,  where P( i, x) 
gives the  height of the Poisson distribution for i suc- 
cesses when the  parameter of the distribution is x. A 
similar process was used to generate  the frequency dis- 
tribution of the sexually produced offspring. In particu- 
lar,  the  contribution of adults with k deleterious muta- 
tions to the “gamete pool” was assumed to be 
proportional to (1 - s J k .  Under  the assumptions of the 
model,  the probability that  a gamete produced by an 
adult with k deleterious mutations will have j deleterious 
mutations is equal to (E<=, B(i, k, 0.5))P(j - i, ( U / 2 ) ) ,  
where B( b, d, x) is the  height of the binomial distribu- 
tion for b successes  in d trials, given that  the probability 
of a success on each trial is equal to x. This expression 
embodies the assumptions of the  model, since the in- 
finite population and infinite number of  loci  assump- 
tions imply that  deleterious mutations will  always be in 
heterozygous state, and thus, with free  recombination, 
the probability that  a given deleterious mutation will be 
incorporated  into  a particular gamete is 0.5, regardless 
ofwhether  or  not  other mutations are also incorporated. 
Furthermore, to produce a gamete with j deleterious mu- 
tations, i mutations must be transferred  from the parent, 
and j - i new mutations  must  also  be incorporated, for 
some  value of i that satisfies 0 5 i 5 k. After  gamete  for- 
mation there is random pairing of gametes  to form zygotes. 
Note that there is no need to distinguish  between the two 
different gamete  pools (for ovules and pollen) because the 
infinite-population  assumption  assures that they will both 
have the same  distribution of genotypes at all  times. 
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The only exception  to  the  procedures just described 
arose when the  number of deleterious  mutations in the 
class  of gametes or zygotes being  produced was in excess 
of a pre-set maximum, which will be called Z. Selection 
of some maximum value was necessary for  computer 
analysis, as without it  there would  have been  an infinite 
number of different types  of individual (although those 
with  very large numbers of deleterious  mutations would 
be exceedingly rare), Experimentation revealed that, if 
Z was in excess  of a  certain level, then its exact value had 
very little effect on the results. This observation is in line 
with expectations. After further  experimentation,  the 
value  of 2 selected was 34 for those simulations in which 
U/s,  = 12.5. Furthermore,  the Zwas set at 54,20 and 14 
for U/s,  values  of 25,625 and 4, respectively.  Zygotes or 
gametes with more  than Z deleterious mutations were 
treated as identical to zygotes or gametes with  exactly 2 
deleterious mutations. Thus,  for  example, if U/s,  = 12.5, 
then  the  union of two gametes each with 20 deleterious 
mutations was presumed to produce  a zygote  with  only 
34 deleterious  mutations,  rather  than 40. Of course, this 
is at variance with the biological facts, but it has virtually 
no effect on the results because, when U/s,  = 12.5, zy- 
gotes with 40 deleterious  mutations  are exceedingly 
rare. 

After generating  the distribution of  sexually produced 
and asexually produced offspring, the two distributions 
were combined in proportions + and 1 - +, respectively, 
to create  the distribution of adult genotypes. In other 
words, the  proportion of adults with k deleterious mu- 
tations in the  next  generation was produced by sum- 
ming  the  product of + and the  proportion of offspring 
with k deleterious  mutations  among  the sexually  pro- 
duced offspring with the  product of 1 - + and the pro- 
portion of offspring with k deleterious  mutations  among 
the asexually produced offspring. Because  of the N = w 
assumption, this procedure is equivalent to choosing N 
offspring at random from the total pool of offspring to 
produce  the  population of adults for  the  next  genera- 
tion. Of course, when + = l it was not necessary to  gen- 
erate asexually produced offspring, and when + = 0 it 
was not necessary to generate sexually produced off- 
spring. Thus, in these two cases, the  appropriate omis- 
sions were made to save computer time. 

The iterations were stopped and  the equilibrium 
frequencydistribution was recorded  once  the absolute 
value  of the  per-generation  change in average number 
of deleterious  mutations  per individual was less than 
IO-' for 100 consecutive generations.  In all  cases, the 
resulting distribution was virtually indistinguishable 
from a Poisson distribution with mean  equal  to U/s,  for 
the first 2 classes, and these classes include all but  a tiny 
fraction of the  population. The distribution of gametes 
that is produced by the  equilibrium distribution of 
adults was also recorded  for  future use. 

It is straightforward to show that, under  the assump- 
tions of the  model,  the  number of offspring that  are 
destined  to grow to  adulthood  that  an  adult with geno- 

type i produces by asexual means follows a Poisson  dis- 
tribution with the  mean  number given by (1  - 4) Ti/ W, 
where Wis the average number of seeds produced  per 
adult. If the  adult carries a beneficial mutation,  then all 
of the asexually produced offspring will also  carry the 
beneficial mutation. The  number of offspring destined 
to mature  to  adulthood  to which an  adult with genotype 
i contributes genetic material by sexual means also  fol- 
lows a Poisson distribution, and  the mean in this case is 
given by 2+W,/w The  adult can contribute to these 
offspring by means of pollen or ovules.  Because N = 03, 
we are  guaranteed  that  the  proportion of individuals 
that carry a beneficial mutation will  always be negligible 
for any finite number of generations after the first ap- 
pearance of the mutation. This observation implies that 
the beneficial mutation will  always be in heterozygous 
state for any finite number of generations after the in- 
troduction of the  mutation.  Thus,  an  adult who carries 
the beneficial mutation has a 50% chance of passing it 
on to a given  sexually derived offspring. This means that 
the  number of offspring that  are destined to  mature to 
adulthood  to which a beneficial-mutation-bearing adult 
contributes genetic material by sexual means, and that 
also  carry the beneficial mutation, follows a Poisson  dis- 
tribution with mean equal to +WJw 

The fact that, under  the N = assumption, the fre- 
quency of the beneficial mutation remains negligible for 
any finite number of generations after the initial intro- 
duction of the beneficial mutation is convenient for sev- 
eral  additional reasons. First, it means that  the value of 
Wcalculated at  the  pre-introduction equilibrium can be 
used to calculate the parameters of the Poisson distri- 
butions  mentioned in the  preceding  paragraph. This is 
because there will be no appreciable change in the value 
of Wat any time that is a finite number of generations 
after the  introduction of the beneficial mutation.  Thus, 
the  parameters of these distributions can be calculated 
once only for each set of parameter values.  Similarly, 
because for any finite number of generations after the 
introduction of the beneficial mutation,  the distribution 
of genotypes that do  not  incorporate  the beneficial mu- 
tation will undergo only a negligible disruption,  there is 
no appreciable change  during  a finite period of  time in 
the probability of a  union between  any  given  type  of 
beneficial-mutation-bearing gamete  and any  given  ga- 
mete that  does not bear the beneficial mutation. Fur- 
thermore,  the probability of a  union between two 
beneficial-mutation-bearing gametes is so small that it 
can be  ignored without any appreciable alteration of the 
results. 

Consider an adult  that carries the beneficial mutation 
(in heterozygous state) and i deleterious mutations. 
Using the  points  outlined above in this appendix,  it is 
straightforward to calculate a probability distribution for 
the  number of offspring to which this adult  contributes 
genetic material (including  the beneficial mutation) by 
means of both sexual and asexual reproduction given 
that  the offspring in question mature to adulthood and 
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carry  exactly j deleterious mutations. When + > 0, these 
calculations must take into  account  the equilibrium dis- 
tribution of genotypes that is established before intro- 
duction of the beneficial mutation. The resulting dis- 
tribution is Poisson, the  mean  of  the distribution will not 
change  during any finite number of generations.  These 
calculations were made  for 0 < i ,  j > 2. The resulting 
( 2  + 1) X ( 2  + 1) matrix was then employed to carry 
out  the 10,000 trials that were completed for each set of 
parameters. 

Each  of the 10,000 trials run for  a given set of param- 
eters was initiated by randomly selecting a genotype 
from the equilibrium distribution that is established in 
the absence of beneficial mutations, and  then  incorpo- 
rating  a single beneficial mutation  into  that genotype. 
The resulting individual is assumed to be among  the N 
adults that can contribute offspring to the  next  genera- 
tion. The ( 2  + l) X ( 2  + l )  matrix described above is 
used to generate  the collection of beneficial-mutation- 
bearing adults during each successive generation. There 
are always a finite number of beneficial-mutation- 
bearing adults, and so the progress of evolution after 
introduction of the beneficial mutation is a stochastic 
process. 

Trials were terminated when the beneficial mutation 
was lost, or when it was deemed to be established. A 
beneficial mutation was deemed to be established when 
the all  of the following conditions were  satisfied. (1) At 
least 1,000 copies of the beneficial mutation were 
present in the  population. (2) The average fitness of 
adults carrying the beneficial mutation was in  excess  of 
one. (3) The absolute value  of the per-generation 
change in the average fitness of adults carrying the ben- 
eficial mutation was  less than lop8 for at least  100 con- 
secutive generations. 

Poisson processes are additive in the sense that, if we 
combine L Poisson processes with parameters A,, A,, 
. . . , A , ,  we obtain  a new  Poisson process with parameter 
A*, where A* = A,. The  computer program used in 
the simulation studies exploited this fact to decrease the 
time required to make the calculations necessary to pro- 
ceed from one generation  to  the next. This was possible 
because, as explained above, the  production of offspring 
of  type j that  are  destined to mature to adulthood by an 
individual of  type i is a Poisson process. Thus, it was 
possible to select the  number of adults of typej that carry 
the beneficial mutation  during each successive genera- 
tion by calculating the total expected  number of such 
individuals, and  then using the result of this calculation 
as the  parameter of a Poisson process. Consequently, the 
time it took for  the  computer  program  to  proceed from 
one generation  to  the  next did not  depend directly on 
the  number of adult  bearers of the beneficial mutation. 
Rather, it depended  on  the  number of different types of 
adult  bearers of the beneficial mutation. As there is a 
definite upper  bound to this quantity (namely, 2 + 1) 
there is also an upper  bound to the  length of time that 
it can possibly  take to make the calculations necessary to 
proceed from one generation to the next. A similar tech- 

nique can almost certainly be used in the  context of 
other models to increase our understanding of  evolu- 
tion in large but finite populations. 

The Poisson variates used in the course of the simu- 
lations were  mostly generated using standard numerical 
methods. However, when the  mean of a  required Pois- 
son distribution was in excess  of  200, a  normal distri- 
bution with equal mean and variance was used in place 
of a Poisson distribution. However, this should not cause 
any substantial alteration of the results because, when 
the  mean of the distribution is in  excess of 200, the nor- 
mal approximation to the Poisson is  very accurate. 

APPENDIX 2 

In those cases where U = 0, FISHER (1922) and 
HALDANE’S (1927) analysis can be used to show that  the 
value of E is  given  by the positive solution of Equation 
1. When + = 0 and sb < sd the value  of E is calculated by 
multiplying exp(- U/s,) by the positive solution of 
Equation 1. To prove that this calculation yields the cor- 
rect result, assume + = 0 and consider a beneficial mu- 
tation that is destined to be established. Using HAIGH’S 
(1978) analysis it is straightforward to  show that  the 
number of deleterious mutations among carriers of the 
beneficial mutation will eventually approach  a distribu- 
tion such that  the  proportion of carriers with i delete- 
rious mutations is 0 for i < M and P( i - M ,  U/s,) for i 
2 M ,  where P( i, x) is defined as  in APPENDIX 1, and M 
is the smallest number of deleterious mutations associ- 
ated with  any carrier of the beneficial mutation (thus, 
when + = 0, M may increase during  the early  stages  of 
the establishment, but it can never decrease, and it can 
not be less than  the  number of deleterious mutations in 
the  genome of the individual within  which the beneficial 
mutation initially arose). From this distribution, one can 
show that  the average number of seeds for carriers of the 
established beneficial mutation will eventually approach 
C( e-”)  (1 + s b )  (1 - s ~ ) ~ ,  and their average fitness (as 
defined in APPENDIX 1) will approach (1 + s b )  (1 - s d ) M  
(although average fitness may initially exceed this 
value). Clearly, when sb < sd the average fitness of carriers 
of the established beneficial mutation will exceed one if 
and only if M = 0. This implies that, when sb < s,~, es- 
tablishment is possible  only if the first adult to carry the 
beneficial mutation is entirely free of deleterious mu- 
tations, and if deleterious-mutation-free individuals who 
carry the beneficial mutation are never  lost from the 
population. HAIGH’S (1978) analysis  shows that  the fre- 
quency of mutation-free adults before the beneficial mu- 
tation arises is exp( - U/s,), and  under the $ = 0 as- 
sumption we can demonstrate  that, for a mutation-free 
adult,  the  number of mutation-free seeds that will ma- 
ture to adulthood follows a Poisson distribution with 
mean equal to 1 + sb. Thus, we can apply  FISHER (1922) 
and HALDANE’S (1927) analysis to prove that, when = 
0 and sb < sd, the probability of establishment is given by 
multiplying exp( - U/s,) times the positive solution of 
Equation 1. 


